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Abstract Quantum Neural Network (QNN) is a young and outlying science built upon
the combination of classical neural network and quantum computing. Making use of quan-
tum linear superposition, this paper presents a quantum M-P neural network based on the
analysis of the conventional M-P neural network. Moreover, the working principle of this
proposed network and its corresponding weight updating algorithm are expatiated in the
two cases of input state being in the orthogonal and non-orthogonal basic set, respectively.
In addition, this paper not only validates that this quantum M-P network can realize some
network functions, such as “XOR?”, but also verifies the feasibility and validity of its weight
learning algorithm by some simple examples.
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1 Introduction

The development of Quantum Neural Network (QNN) begins just now in the world, which
is in the state that the researcher explores it individually. In 1995, Kak firstly presented the
concept of quantum neural computation. It generated a new paradigm upon the combination
of conventional neural computation and quantum computing [1]. In 1998, a first systematic
examination of quantum artificial neural network (QANN) was conducted by Menneer in his
PhD dissertation [2]. At the same time, many QNN models were developed. For example, in
1995, quantum inspired neural nets [3] was proposed by Narayanan et al. In 2000, Ventura
et al. introduced quantum associative memory [4] based on the Grover’s quantum search
algorithm and entangled neural network [5, 6] was presented by Li Wei-Gang. In 2005, No-
riaki Kouda et al. introduced qubit neural networks [7—10]. But these QNNs haven’t obvious
network weight, also haven’t the weight learning algorithm. This paper makes supplement
in this aspect.
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In 2001, Altaisky presented an extremely simple concept model of QNN and consider the
problem of the weight updating [11]. But he only proposed a concept expression of weight
learning, which has a certain elicitation to this paper. Ventura also presented a perceptron
model where the single weight vector w is replaced by a wave function, v (w, t) in a Hilbert
space whose basis states are the classical weight vectors [12]. And that our model has the
input that is replaced by a wave function, ¥ (w, t) in a Hilbert space and w is replaced
by the matrix. Making use of quantum linear superposition, this paper presents a quantum
M-P neural network model based on the analysis of the conventional M-P neural network.
Moreover, the working principle of this proposed network and its corresponding weight
updating algorithm are expatiated in the two cases of input state being in the orthogonal and
non-orthogonal basic set, respectively.

The rest of the paper is organized as follows: Sect. 2 describes the basic concept of quan-
tum theory. Section 3 introduces the conventional M-P neural network model. In Sect. 4, we
details the quantum M-P neural network and its corresponding weight updating algorithm.
Section 5 summarizes and expects the work.

2 Basic Quantum Theory
2.1 Linear Superposition

The state |p) of a general quantum system can be described by the linear superposition of
the basis states |¢;) as |@) =, ¢;|¢;), where ¢; is a complex and ), |¢; |> = 1. By quantum
operators, an eigenvalue equation can be written as A|¢;) = a;|¢;), where A is an operator
and q; is the eigenvalue. The solutions |¢;) to such equations are called eigenstates and can
be used to construct the above basis of the Hilbert space. In quantum computation, the target
problem is first “translated” to the language of quantum states and then quantum operators
are applied to drive the system to a final state where the solution can be identified with a
high probability. Use is made here of the Dirac bracket notation, where the ket |-) indicates
a column vector and the bra (-| is analogous to the complex conjugate transpose of the ket.

2.2 Scalar product

The scalar product of two quantum state, ¢; (x) and ¢;(x), is defined as follows:

‘pi(x)'¢j(x):/;2§0i(x)'§0j(x)dx~

This is the scalar product of the continuous function. In numerical calculations the contin-
uous basis is often replaced by a discrete one, and the scalar product is then approximated
by

9i(xX) - 9j ()~ i(x) - 9j(x).
If the ¢(x) is donated as the formalism of the vector, i.e.
Qi(x) = (x1,X2,...,%,), </7j()’):()71,y2,~~~7)’n)~
Then

@i(x) - @;(y) =xiy1+x2y2 + -+ XY
The scalar product also possesses some characteristics, such as:
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L @i(x) - ko;(y) =kei(x) - @;(¥).
2. 0i(x) - 9;(y) =9 (y) - @i (x).
3. 0i(x) Lo (V) + ()] = @i (x) - 9 (¥) + @i (x) - 9 (2).

3 Conventional M-P Model

At present, there are many neural network models, but the first appearance and the most
influence of what is now known is the M-P model proposed by the psychologist McCulloch
and the mathematician Pitts in 1943 based on the analysis of basic characteristics of the neu-
ron [13]. This model that levies a great influence on the fields of brain model finite automata
and artificial intelligence starts a new age of neural science research. In the M-P model there
is a weight coefficient W;, also called weight value, to each input of neuron, seeing Fig. 1.
The positive or negative and the value of the weight represents the excitation or restrain of
the neuron synapses and the connection intensity, respectively. The basic processing unit
of artificial neural network must integrate all input signal to gain an output. We let that s;
which corresponding to the film voltage of the biology neuron represents the summation of
the total inputs. And the activation of the neuron depends on a threshold voltage, namely,
when the s; exceeds the threshold, the neuron is activated and outputs a pulse or the neuron
hasn’t the output. There is the same way to the artificial neuron and O; represents the output
of the neuron in the Fig. 1, so the relation between the input and output can be donated
by a certain function. And, this function f that is generally a non-linear function is called
transfer function.
Above content can be depicted by a mathematic expression:

Sj:inwiv 0j=f(s; —0),

where 6 is a threshold of the neuron. Of course, this simple model that is only a hint model
hasn’t consider the time for the simplicity.

4 Quantum M-P Model

We can extend the conventional M-P model into the quantum regime, and its corre-
sponding concept model is as Fig. 2, where O; = Zj wije;, j=1,2,3,...,2" and n
is the total number of qubits to be needed. For example, we consider a neuron with two

Fig. 1 M-P model

Fig. 2 Quantum M-P model

@ Springer



3212 Int J Theor Phys (2007) 46: 3209-3215

Fig. 3 Two qubits M-P model P M
R o]
W
@3 e
Dy

qubits input, therefore, there are four kinds of input in all, i.e. |00), |01), |10), |11), seeing
Fig. 3:

O = w1 (x1, x2) + wa@a(x1, X2) + w3e3(x1, X2) + wa@s(xy, X2), (D

where x1, x; is the qubit of input, w; = (w;1, wi2, ..., w;;) represents a vector and (1) is also
writed:

O = w1Poo(x1, X2) + Wao1 (X1, X2) + W3P10(X1, X2) + Wa@11 (X1, X2).
4.1 Model with the Orthogonal State

We represents the quantum state using the Dirac formalism for the consistency with the
quantum mechanics, therefore, the output of the quantum M-P model can be denoted as
follows: O; = Zj wijlxy, Xo, .. x0), J=1,2,3,...,2%, He.

0; =w;10,0,...,0) + w;2[0,0,... 1) + -+ w;n|1, 1,..., 1). (@)

If the w is a unitary matrix, (2) represents a quantum unitary transformation, which can
accomplish the quantum computation task of network. For example in Fig. 3:

wip [00) + w2 [01) 4+ w3 [10) + wia |11

wip wip wiz wig | |00 ) ) ) )
wy1 |00) + wop [01) + w3 [10) + woy [11)
) ) ) )
) ) ) )

Wy Wy Wy w4 | |01
w3 wi w3 w4 | |10
w4 War Wiz wa4 | |11

w31 [00) + w32 [01) + w33 [10) + w3g [11

)
):
)
) w41 100) + wyp [01) + wy3 [10) + waq [11

If w equals a given value, such as Cyo matrix, so

1 0 0 071]00) [1]00)+0[01)+0[10)+0]11) |00)
0 1 0 0/[01) [0]00)+1]01)+0]10)+0]11) | | [01)
0 0 0 1[[10)~ |0]00)+0[01)+0[10)+1]11) |~ | |11)
0 0 1 0f[11) |0]00)+0[01)+1[10)+0]|11) [10)

From above we can see that the weight matrix changes the states |00), |01), |10), [11) to
the|00), |01), [11), |10). After the quantum measurement on the second qubit the network
realizes the XOR function, i.e. 00— 0,01 — 1,10— 1,11 — 0.

4.2 Model with the Non-Orthogonal State

We suppose that the states ¢; are orthogonal each other in Sect. 4.1, for instance, the state
|00) and |01) are orthogonal, their scalar product vanishes. But if the states are not or-
thogonal, how does the proposed network work? For example, the input quantum state is
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al0) + b|1) which is not orthogonal with the basic state [0) or |1). Now the relation of the
input and output is modified as:

Oik:Zwij(pj"ﬂkv j=12,...,2", 3)
J

where ¢; - ¢ is the scalar product of the two states. We can rewrite (3) using the matrix
formalism:

wip W2 o Wi P11 Q1-P2 0 Q1 Pn

0= Wy W2 W Q201 Q2-P2 o P2 Py

Wp1 Wp2 -+ Wgp On-P1 Pn-P2 - Qn- Py
Seeing from above, ¢; - ¢ (j =1,2,...,2";k=1,2,...,2") are the new basic states.
Supposing the inputs of the network are two non-orthogonal states ¢; = |0) and ¢, =

al0) + b|1), a*> + b*> = 1, then (3) can be denoted using the matrix formalism:
o—|Wn wel|lerer e | wn we 1 1@
Wi W Q2901 P22 Wi W2 ¢2 - @1 1 '
Seta:b:%,then(pl S =2 :%

0_|:w11 w12:||: 1 1/\/§i|
T lwa own | [1/42 1|

The network can realize the corresponding function by choosing a certain weight W. If we
now choose the weight matrix W in such way that O is diagonal, this can be seen that the
matrix W changes the metric of the space and compensates the errors that we introduce
when the states are not orthogonal.

4.3 Weight Learning Algorithm

We always select a certain weight W for our network in the above section, but how does
the network weight updates or learns? The conventional M-P model always adopts weight
learning algorithm with supervisor. The basic idea is to evaluate a neural network using an
example input and compare the network’s output with that of the target output. The weights
of the network are then adjusted so that the output will more closely approximate the target.
This process is repeated so as to the errors between the output and the target are in the
acceptable range. In the same way the quantum M-P model introduces an analogous learning
mechanism. The relation of the input and output can be simplified according to (2):

|0) = Wlp).

Weight learning algorithm is as follow:

(1) TInitializing a weight matrix W©.

(2) Given a set of quantum examples, i.e. the pairs of the input-output (|¢), |O)).

(3) Calculating the output |) = W'|p), where ¢ represents iteration number with r = 0
firstly.
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(4) Updating network weight w’“ = w +n(10); — |¥)i)e);, where w;; are the matrix

entries indexed by row i and column J; n is a traditional learning constant that scales
how quickly the error-based modification affects the operator.
(5) Repeating the process of (3) and (4) step up to the acceptable errors.

For the better understanding to the process of weight learning of the quantum M-P model,
we offer an example:

(1) Supposing

(2) Three pairs of input—output:

() () ()5 ()
V3\2) 5\1))'\2\1)" 2 \1
Z1\ 1 1
sm=w= (2 ) ()= (0)
1 1
@) wht' = why +1(10) — [W)o)l)o = wiy =0+ ( —) =—1(Setp=1)

V2 V22

In the same way:

—1 1 1
wit = wh; +n(10) — 1¥)o)l@)o =wy; = —1+ (ﬁ - ﬁ)ﬁ =-2,
t+1 1 1 —1
wig' =wiy+n(10) — [Y))leh =wip=1+ E E ﬁ=l.
1+1 1 1 —1
wyy —w11+77(|0)1—|1//>1)|<.0>1—w11—0+(ﬁ E>ﬁ=0.

So the weight matrix is updated as:
-1 =2
I _
wi=(7 5 ) .
(5) Repeating the process for the second and third examples results in the following version

of the W:
> (04 —0.6 3 (0 1Y
w —( 1 0 , W’ = 1 o =o0,.

This example realizes, in fact, the well-known NOT gate function, i.e. |0) — [1), [1) — |0).
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5 Conclusion and Prospect

This paper introduces the working principle of the quantum M-P neural network and the
possible function that network can realize. Furthermore, by means of some simple examples
we also validate the network’s feasibility. This network’s weight learning algorithm is alike
to the one of its conventional counterpart, only the number of weight to be updated is very
large. This paper doesn’t supply the further practical problem to validate the performance of
the quantum M-P neural network due to the development of the quantum computer is still
in the lab state. But resolving some true world problem is our future work using this model
based on the development of correlative specialty.
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